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Abstract

This article deals with material designed within the framework of a teacher development
project coordinated by the authors and aimed at providing support for in-service secondary
school teachers who use or consider using Dynamic Geometry Software (DGS) to develop
instructional sequences in mathematics classrooms. The project contains worksheets
prepared as text support by authors and included in the Teacher's Guide (Fioriti et al.,
2014a, 2014b, 2014c), which was provided to students in the context of a teacher
development course. A premise of the course is that problem solving is a vehicle for
students to learn mathematics meaningfully. To enable this kind of learning, the classroom
should be organized as a learning community, and technology should be incorporated as a
tool for expanding mathematical knowledge.

Keywords: Dynamic Geometry Software, Geometry, Secondary Level, Teacher Education,
Teaching

Introduction

The importance for teachers to study the tasks that secondary school students will be asked
to do, cannot be overemphasized. In this contribution, we present a work plan with a
sequence of tasks to be carried out in the professional development of in-service, secondary
mathematics teachers. The course introduces the teachers to a theoretical framework,
includes tasks teachers should carry out during course sessions, and the didactic analysis of
such tasks. The course provides opportunities for teachers to reflect on secondary school
students' behavior while learning mathematics and when interacting with other students,
teachers, and tasks. The course also provides opportunities for teachers to analyze the
characteristics of tasks and activities to ensure that they can enable mathematical thinking
by students.

With those aims in mind, we presented teachers with different problems relating to real-life
and mathematical contexts. The underlying assumption was that the analysis and resolution
of these problems in the teacher education classroom may usher the participants into a
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geometric working space (Kuzniak & Richard, 2014). This working space consists of
interactions among:

1. A real space, as support material, with tangible and concrete objects;

2. A set of artifacts such as drawing instruments or construction software (GeoGebra, in
this case);

3. A theoretical reference system based on definitions and properties (here, geometric space
and area of 2D figures organized in such a way that teachers can ponder on how secondary
students using technology to solve problems might be engaged in creating and validating
their knowledge on geometry).

Theoretical Framework

Kuzniak and Richard (2014) point out that the teaching that favors the development of
students' mathematical work at school requires a certain organization that the teacher is
responsible to generate. Thus, in their professional education, it is important to provide
teachers with the following:

Opportunities for those who teach to be involved in formulating conceptual networks
or mental schemes whereby teachers can ratify their beliefs and conceptions, and
which can be used in class to allow students to produce their own schemes,

Support materials with related content to encourage teachers to search for
mathematical connections throughout the curriculum design,

Teacher guides that allow teachers to write comments on the software they select and
use in the classroom.

We designed a professional development course based on our own experience teaching
with this framework (CEDE, 2015) and included work material in the Teacher’s Guide to
be used as support for school texts in secondary school teaching (Fioriti et al., 2014a,
2014b, 2014c). The following principles were used to guide the design of the training
course:

-The classroom is regarded as a community for the study of mathematics,

- Problems take place in mathematical contexts or occur in extra mathematical context as a
learning engine,

- Conjectures and proofs are constitutive tasks of mathematical activity,

- Construction of models of a situation to be studied is the key in mathematics as it entails
abstraction that reduces problems of complex nature to their essential characteristics.
Students should identify a set of variables, relate them accordingly and transform those

relations using any theoretical-mathematical system to produce new knowledge on the
problems under analysis.

These guidelines form the framework of the teachers' professional development and how
the sequence of activities and their management have been designed. Students decide how

2
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81  to solve the problems, search for the most relevant relationships between variables, and

82  discuss the strategies used with other classmates. The teacher plays the role of a coordinator
83  who chooses problems, encourages student-student as well as student-teacher interactions,
84  and finally organizes students’ ideas into a collective production. A teacher, as a real

85  professional, believes that knowledge is produced as a result of the interaction between the
86  problem and the student's peers (Fioriti, 2017).

87  The problems and activities proposed for didactic analysis are meant for teachers to debate
88  how to manage the class in order to encourage students to try and produce different

89  solutions, then discuss them, all the while dealing with the conceptual networks that

90 involve the passage from arithmetic to algebra, the use of deductive reasoning as a way of
91  justifying in geometry, and the use of different but equivalent representation systems as

92  some of the activities that students beginning secondary school should do. At the same

93  time, these problems and activities aim to encourage teachers to focus on ways of

94  organizing class interaction and think about the validity, accuracy, clarity, and

95  generalizations of students' mathematical statements.

96  The incorporation of computers into society has brought about such a cultural change that
97  the way in which we see the world and live in it has changed. In the same way, the
98 incorporation of computers in the classroom requires a cultural change in the way we study
99  and acquire knowledge. This change affects mathematical knowledge in how it is studied as
100  well as the organization and management of classroom instruction. Consequently, the
101 teacher should have the skills to deal with this change (Bifano & Villella, 2012). The
102  inclusion of technology in teaching is inevitable; it provides the opportunity to rethink
103  activities and problems that make knowledge comprehensible, and it makes us aware of the
104  powerful tools that we have at hand.

105  Given this scenario, the incorporation of technology in different ways (to do mathematics,
106  to expand mathematical culture and, consequently, to expand knowledge) should be

107  analyzed as part of the specialized training teachers acquire during their professional

108  development.

109
110 A Management Model for Geometry Instruction

111 The proposal we have described includes topics of Geometry, which are characterized as
112 the branch of mathematics that according to Villella (2008):

113 - can be seen. Geometric figures can be drawn or constructed using the

114 properties that characterize them. This involves being aware of the difference

115 between a diagram and a figure (Laborde,1998), a situation that requires a didactic
116 examination (Charles-Pézard, Butlen, & Masselot, 2012),

117 - allows for play. The development of concepts at the core of the content
118 networks to be studied through the manipulation of concrete objects gives learning
119 an active, playful quality,

120 - best connects to reality. The 3-dimensional and 2-dimensional models it
121 analyzes can be seen in material objects,
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- applies algebra concepts. The same language and symbols in algebra are
used to name and characterize geometric content,

- helps to reason. Its axiomatic structure develops thinking and helps generate
the use of deductive reasoning in students (Gonzalez & Herbst, 2006).

The proposed activities center around the connection between geometry and real life
situations, which allows working with models and mathematical problems that require the
use of geometric properties to justify the solution found. These activities enable teachers to
think about the properties of geometric objects that are studied in secondary school. In this
reflective process, a model (a mathematical representation for a non-mathematical object) is
built, with theoretical developments whose properties become meaningful in terms of how
they relate to the situation that originated them, and properties are studied and geometric
objects are characterized according to reasoning and procedures of geometry itself.

The development of geometric concepts is presented in activities with the generic name
study (Chevallard, 2009). We chose this way of identifying them as we believe the
classroom will have the same qualities as a learning community when they are solved. This
community is made up of a group of students coordinated by a teacher whose main task is
to search for a solution to the problem given. In order to do this, the known data is used
together with properties studied before or appearing for the first time, which makes the
corpus of the answer discussed in groups. This classroom organization, as well as the use of
the study content made in it, creates a particular environment that brings about different
kinds of methods, qualities of the models used, and justifications of the steps followed as
showed in this example:

A candy factory wants to design a pyramid-shaped wrapper for its products. An employee
designed a paper like this one:

Answer:

a- How can you fold the paper in order to obtain a pyramid with a square as base?

b- Is your proposal the only possible one? Why?

Figure 1: An example of a problem

When content is set in this way, problem solvers need to apply the necessary conceptual
networks to highlight the underlying geometric property in the problem and explain the
resulting family of figures (Ferragina & Lupinacci, 2012). Therefore, the classroom
becomes a place where debate, argumentation, and the use of properties to explain decision
making are more relevant than using a figure as proof, which is common in secondary
school classrooms. In addition, ideas about what steps students need to take and what
elements they need to use flow freely. It generates communicative competence in the
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mathematics classroom since students have to justify elements chosen and steps taken
(Villella & Ammann, 2012).

Technology as a Tool for Teaching Geometry: Incorporating DGS

The most basic concepts of geometry taught at school can be described as the combination
of their properties with the use of relevant and irrelevant attributes (Vinner, 1982) that
characterize them. In this identification or construction of a geometric concept, we can
distinguish at least four elements:

1. The image of the concept: It refers to the concept as it appears in the mind of the
subject who is studying it. It includes everything related to the concept that comes to
mind, everything evoked when the word that names it is heard or when a picture or
representation is seen.

2. The definition of the concept: It refers to the verbal form with which a certain
notion is expressed (when it exists; it does not always include everything the learner
knows about the geometric object in question). This definition is not necessarily
mathematical.

3. A group of mental or physical operations, such as certain logical operations, that
make a comparison with the mental picture easier.

4.  Technology: in a broad sense, it refers to a socio cultural product that is useful as
a physical and symbolic tool to relate to and understand the world around us.

The construction of the image of a geometric concept results from a mix of visual and
analytical processes that are realized in two directions. On the one hand, there is the
interpretation and comprehension of visual models. On the other hand, there is the ability to
translate symbolic information into a visual image by using certain technology. The
interpretation of the image is the product of visual processes where the irrelevant attributes
of the visual component are obtained first and act as a distraction between our internal
constructions and what is perceived by the senses (Villella, 2008). We believe that from its
own conception, there is a certain technology in geometry that contributes to the definition
of the geometric concept.

What aspects are to be considered when the translation to a visual image is made through
DGS? In the same way that writing has restructured consciousness and the human mind has
generated cognitive operations that had not been developed before it, new technologies
transform subjectivity, capacity, and practices. (Evans & Levinson,2009; Rogoff & Lave,
1984; Smolensky & Legendre 2006)

Some teachers believe that with the incorporation of Information and Communication
Technology (ICT) at school, there is a risk of limiting teaching. In this specific case, the
risk exists if the teaching is limited to what can be seen on the screen: the geometric
pictures, the graphic representations of functions, the result of calculations, and so on. In
traditional mathematics instruction, where many teachers were and still are trained, it is
common to focus on techniques, which usually appear before the problems that make them
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meaningful or needed. Mathematical software and calculators are tools that solve
algorithms effortlessly and in the case of graphs and figures, DGS allows for some
properties to be seen. Thus, it is necessary to modify classroom work and start solving
problems that will enable students develop three cognitive processes of geometric activity:

1. Visualization, related to the representation of space and support material;

2. Construction, determined by the instruments used (GeoGebra) and geometric
configurations;

3. Discursive, aimed at producing arguments and proofs (Kuzniak & Richard, 2014).

To overcome these processes, our teacher development course first provides meaningful
concepts and then assigns work on the mathematical techniques.

Just as in oral language it was impossible to manage concepts associated with geometric
figures, in written language it is impossible to think of dynamic geometry objects. In a
teacher development classroom, this makes a good starting point for a discussion:

= A technology for dynamic geometry constitutes a new system of representation of
geometric objects when using new ostensive objects: computerized pictures. These
pictures differ from the ones made on paper precisely because of their dynamic
nature. They can be moved and deformed on the screen while keeping the geometric
properties that have been assigned by the construction procedure;

* A production means that uses a device (the computer) as a fundamental requirement
for its use;

* A particular language that integrates not only the language of geometry but its
articulation with computer language,

= A semiotic tool with particular characteristics that combines different models,
particularly the geometry model in the software embedded in the computer
language.

Using DGS allows for a new means of producing knowledge, with a specific language that
must be known. Learning processes built in this way are encouraged through the design of
teaching processes. Listed below are some of the goals students are expected to achieve:

1) Interpret the problem posed.

2) Understand the given information and establish relationships with the commands
in the program.

3) Formulate and test conjectures about the concepts being taught.
4) Design strategies to confirm or refute conjectures.
5) Summarize information given.

6) Communicate the result of findings while trying to define what they managed to
build.
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Teachers’ Professional Development

In this section, two activities are provided to exemplify what was described. The first one
serves as an example of a model construction, and the second one exemplifies the study of
the geometric object from the discipline itself. These activities will be used to describe the
management of classroom work as well as the meaning that content is given through the
use of technology.

We propose a collaborative task where it is important to consider what a teacher needs to
know to develop a successful teaching process in which students gain more understanding
about the nature of mathematical knowledge. With the analysis and resolution of this kind
of teaching situation developed in the project, teachers are given the opportunity to discuss
the different variables they should deal with in order to give students the possibility of
reasoning, arguing, making conjectures, refuting, and modeling in order to provide meaning
to the mathematical knowledge students are learning. In furtherance of this aim, we
selected mathematical content in the specific context in which it would be used. Then, we
analyzed the processes involved in teaching it, and made conjectures about how learning
would be achieved. The whole procedure makes this mathematical content specialized and
limited to teaching professionals. It is included in a sample about mathematics teachers’
specialized knowledge MTSK (Muioz-Catalan, 2015).

Applying mathematics to situations originating outside of mathematics

The following paragraph sets out a situation described as fiction from reality:

A farmer wants to install a water tank to provide water to the main house, the
housekeepers” house and a work shed. The tank should be as close to the main house as
possible. However, due to the leafy trees surrounding the house which cannot be moved,
the tank can only be installed 500 meters from the house. The idea is to place the tank at
the same distance from the housekeepers” house and the work shed. Where should the tank
be erected?

In this example, the first decision to take leading to the solution of the problem above is to
construct on the screen representations that model the two conditions set out in the
problem:

a) The distance from the tank to the main house must be 500m,

b) The tank must be placed at the same distance from the housekeepers” house and the work
shed.

For that purpose, scales must be used and the points representing each element must be
named (Figure2):
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{2 GeoGebra - X
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Bisector line of CaG
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References
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Ca: Housekeeper’s house
G: Work shed
T. Water Tank
282
283 Figure 2: Possible answer attempt

284  Now, it is possible to establish the construction steps to be followed, what software tools
285 are available, and what hidden conditions are being taken for granted by understanding the
286  logic of the software.

287 | Some teachers’ (Tn) responses when they worked on this task:

288 | T1: We need to draw a circumference. The problem says the tank must be placed at the
289 | same distance from the housekeepers” house and the work shed. But, where do we draw the
290 | center of the circumference?

291 | T2: Anywhere. The only important information is the radius’ length.

292 | T3: But we need to see them on the screen. So...point it near the center of the screen,
293 | please.

294 | T1: Ok. Can you remember me the radius’ length?

295 | T2: I think it’s 500 m.

296 | T1: So, We will need to use a scale.

297 | T3: Icm = 20m.Do you agree?

298 | T1: Yes.

299 | T2: Yes, it can be a good one.

300 | T3: Use the command that shows circumferences to draw it...
301 | T1: We need to use the second condition too!

302 | T2: Uhh... You're right. I'd forgotten it.
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303 | T3: Draw this figure near the other one. We'll be able to compare the two figures all at
304 | once.

305 | T1: It’s necessary but we need to use them at the same time in order to find the answer

306 | T3: Uhm...let me see....

307

308  All these activities need to be justified: the circumference has a given center and radius, the
309  segment can have any length, however, the required line can only be its bisector, although
310 the axes system cannot be visualized, the software assumes its orthogonal reference system,
311  etc. The cognitive problem to be solved requires that both conditions be fulfilled

312 simultaneously. The original screen (Figure 2) must be changed, so both conditions can

313  lead to a model upon which conclusions can be drawn. The screen may show several

314  pictures to be analyzed in terms of the dynamic nature of some points or figures. For

315  example, if segment C,G is moved, a possible figure of analysis is:

316
C
[ J
Ca G
e— | —e
317
318 Figure 3: Dynamic study of the figure (case 1)

319 | Some teachers’ responses:

320 | T1: This is a good answer (showing Figure 3).

321 | T2: Um...it's an answer, but not the answer!

322 | T3: What do you mean?

323 | T2: If I move G to the right, C,G changes its length, then the bisectors line change too
324 | T1: - Yes... and if we move C, we obtain another line, so...

325 | T3: Move them all around the screen, and let me see what happens...

326 | T3: There are many answers...

327 | T1: But...what happens if we choose a bisectors line by C?

328 | T2.It's a particular case.

329 | T3: No, I think it’s the best answer, isn’t it?

330 Discussions, debates, and arguments based on certain properties arise by analyzing some
331  possible answers to these questions: Does the result reflect the target model? What if the
332  moving figure is another one and the screen obtained is the one below?
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Figure 4: Dynamic study of the figure (case 2)

Answers may vary depending on the problem solver’s perception. The dynamic nature of
the point moving throughout the screen and the presence of other many infinite figures may
change the answer. However, the logical reasoning leading to such an answer is still valid
and so are the conclusions: The circumference of center C and radius Scmrepresents the
geometric locus of the points modeling the first condition of the problem, and the C,G
segment bisector is the geometric locus of the points modeling the second condition.

The figure of analysis becomes a knowledge object. This picture is no longer enough to
solve the problem since the screen becomes the justification. Thus, the answer can only be
found in the properties defining the geometric properties.

Some teachers ‘responses:

T1: There are two conditions and two geometric properties: The circumference and the C,G
segment bisector.

T2: But, we need to use both of them to find the answer.
T3: If this is true, draw the only figure that uses both geometric properties....

T1: Umm..Another problem. There are two points of intersection that satisfy both
geometric properties.

T2: We need to study which of them is the appropriate one.
T3: I think both of them.

T1: Why?

T3: I can see it in the screen.

T2: No, it’s not enough.

T1: We need to justify... properties!, properties!...

The study of the teachers” answers led to the construction of a model fulfilling both
conditions. Such model being the one showing the intersection of both geometric loci
requires another decision to be made: Which of the intersection points P; or P, will be

10




363
364

365
366

367
368

369

370
371

372

373

374
375

Villella et al.

considered point 7 (tank location)? Is it necessary to make this decision? Is it required by
the formulation of the situation that gave rise to this study?

Figure 5: Dynamic study of the figure (case 3)

With these new questions, other questions arise which support the didactical analysis and
make up the specific knowledge teachers must acquire as part of their training.

A situation within mathematics: Study of the geometric figure

In order to study a property of the isosceles trapezoid, we introduced the following activity:

In the GeoGebra screen below there is a trapezoid, which, by construction, is isosceles.

XIS P DY) N e a) Determine the ratio between the areas

TLE
of triangles DAB and ACB. Justify your

answer.

: . b) If the trapezoid ABCD were not

isosceles, would the answer to the question

. above still be valid? Explain why.

The first decision to make when solving the problem is to reproduce the figure on the
screen, so both triangles can be seen (Figure6):

11
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Figure 6: Reproduction of the trapezoid with the triangles drawn

Some teachers’ responses:

T1: We need to reproduce the screen figure. This is an isosceles trapezoid, so we need the
length of segment DA to be the same length of segment CB.

T2: Use circumferences!!

T1: Perhaps another tool is available. Let’s explore the tool bar.

T2: Yes...

T1: This is an isosceles trapezoid (showing Figure6 without the triangles).
T2: The problem says: “triangle DAB and ACD.” Draw them, please.

T1: Here they are (showing Figure6).

T2: We need to determine the ratio between their areas. We need to calculate each one. So,
base multiplies height and then we divide ...

T1: Yes...but we don’t know the measurement and, if we move the baselines of the
trapezium they will change. So, it’s not easy...

T2: Let me think...

The above dialogue leads to establishing the steps that must be followed in the construction
and their pertinent justification: base lines are parallel; sides DA and CB have the same
measurement. The cognitive problem lies in the lengths of DA and CB and in the area of
ABD and ABC: They that are not measured directly and are visually considered equal. The
solution entails designing a task that involves conceptual networks already studied: triangle
height, bases, and similarities. In this case, both triangles have a common side (4B), and
they both have the same height. The ratio between the areas is 1 as the areas are equal.
Once question (b) is answered, the screen shows different pictures to be analyzed in terms
of the dynamic nature of some of its vertices. For example, if vertex 4 is moved, possible
figures of analysis (height is marked in dotted lines) are shown below (Figure 7):

12
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Figure 7: Dynamic modification of the figure

Some teachers’ responses:

T1: The areas are equal. The ratio between them is one.
C (Coach): Why?

T2: We used properties!

C: Which ones?...

C: It’s OK. But, what happens if you move vertex A4?
T2: Nothing!! The trapezoid is always isosceles.

C: Move it.

T2:1I see it on the screen!

T1: Stop! You are changing the baseline length.

T2: But not the height.

C: So...

T2: Nothing happens.

C: The ratio between the areas doesn’t change, does it?
T1: Let me think, please.

C: OK.

T1: And if I move vertex C...

T2: It'll be the same.

C: Try.

T1: It’s not the same.

T2: I agree...I need more properties!!

13
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The questions arising from the analysis of these figures are: Does the ratio between the
areas change because the shape also changes? If the moving point is a different one, could
another figure be obtained? Once more, the presence of many other infinite figures may
change the answer. However, the logical reasoning leading to such an answer is still valid
and so is the conclusion: The triangles have the same area. The figure to be analyzed is not
enough to solve the problem since the screen becomes the justification; thus the answer can
only be found in the properties defining the area and the triangle similarities.

If we compare the areas of triangles AOD and COB, with O the point of intersection of the
diagonals, can we reach the same conclusion? Upon exploring the figures obtained when O
is located in different places on the screen, the shape of the figure changes but the ratio of
the areas is the same. AOB is part of the two triangles compared in the original problem, by
subtracting it from the new triangles to be compared, “the same area” is subtracted; thus
such areas are equal. Now, we may wonder: What properties are brought into play if we
compare triangles with similar areas but with different bases and height?

When considering the problem, teachers may raise doubts about the mathematical
knowledge they think they possess after analyzing the ratio between areas not measured
directly and studying the ratio reaction after obtaining different figures of analysis.
Furthermore, the need to use properties that go beyond what is seen on the screen
challenges the knowledge teachers have on geometric structure, and sets in motion a more
active way of solving mathematical problems.

An analysis of specialized content knowledge for teaching (Mufioz-Catalan, 2015) prompts
the assumptions teachers make about the way geometry is taught and learned. In our case,
we add the use of DGS, which besides adding dynamism to answers leads to a series of
assumptions regarding the geometric object of study that need to be confirmed. The
problem described above is meant to analyze the specific knowledge about geometry each
teacher has, considering what each teacher knows about Geometry, and the specialized
content knowledge for teaching (SCK; Ball & Bass, 2009) each teacher has acquired. This
allows teachers to interrelate content, to weigh student reasoning and mathematical
solutions, and to recognize the validity of the arguments that may arise.

Conclusions

In our proposal, the mathematical content to be learned includes problems from two
different work contexts: the modeling of a real situation that requires the construction,
study and analysis of a model so that the conclusions drawn may be applied to solving the
situation from which it originated, and the study of figures within mathematics where the
use of properties and the construction using valid reasoning lead to the targeted solution.

The presentation of these two different types of problems in the teacher training classroom
is relevant for teachers as it allows them to study the underlying structure of geometric
working spaces: An epistemological level, linked to mathematical content, and a cognitive
level, linked to visualization, construction, and proof. In order to articulate these two levels
and obtain sound mathematical work, we propose discussing with teachers the development
of figural genesis, relating space and figures (epistemological level) with visualization
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(cognitive level), instrumental genesis, relating artifacts (DGS, paper and pencil, etc.) from
the epistemological level with construction (cognitive level), and discursive genesis,
relating the reference framework (epistemological level) with proof (cognitive level; see
Kuzniak & Richard,2014).

For teachers, this articulation into two levels includes a wide range of teaching situations
that lead to the development of a mathematical work space inside the classroom and the use
of a learning community. Our interest in the use of DGS lies in its capacity to support the
discussion with teachers about the acquisition and construction of geometric knowledge in
the secondary school classroom.

In addition to the specific knowledge of teachers, the work proposed supports reflection
about the mathematical performance of secondary school students at the moment of
studying and how they solve specific geometric situations. Some of the points discussed
with teachers include how students design models, use metaphors to communicate findings,
and organize explanations and reports to communicate discoveries and verifications. Other
times, the points discussed were how students design strategies to find solutions justifying
the procedure used, select material, spend time, appreciate both their own and their
classmates’ performance, accept mistakes, and correct the models used. It is important to
analyze how students transfer the knowledge acquired to other learning contexts analyzing
the wrong ideas acquired from the physical representation of objects, realize the double
status of geometric objects, since the drawing of an object is sometimes considered the
object itself, and the need of a description characterizing the object with the purpose of
removing any ambiguity related to its representation.

The management of instruction—the design, performance, assessment, and generalization
of teaching strategies performed by the teacher—Ieads to a process of negotiating the
interests of students and teachers, where teachers act as stewards of a learning environment.
The interests of students are based on meaningful content to be developed and on the
naturalization of the use of DGS in the world of mathematics instruction. The interests of
the teachers are based on the epistemology of the given content. In this negotiation,
teachers act as natural mediators between the content and students; while teachers design
and pose problems to be solved, students develop strategies to solve such problems where
both teachers and students are part of a classroom project.

Regarding mathematics in secondary school, the use of DGS generates several ways to
introduce tests as an unavoidable element of conceptual networks that are essential to the
learning process. Teachers can suggest situations for graphic and dynamic research for
students to analyze the behavior of geometric objects and the relations among them and
thus, understand mathematical concepts and procedures, to justify and to do some more
formal tests. DGS helps teachers lead a learning process by dealing with contradictions and
causing students to learn about the formal demonstration process, explain why a result is
mathematically true, communicate mathematical relations and properties used and discover
by manipulating dynamic objects develop logical and abstract thinking, systematize by
organizing results into a deductive system of axioms and theorems and to discover and
construct mathematical knowledge.

In our proposal, the technological tool is used as a means to explore different types of
graphic representations interactively. Thus, geometric objects can be constructed out of a
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variety of primitive objects (points, segments, lines, etc.) in this creative environment
thought by the mathematics teacher as a professional.

References

Ball, D., & Bass, H. (2009). With an eye on the mathematical horizon: knowing
mathematics for teaching to learners’ mathematical futures. Short Comunication at 43.
Jahrestagung der Gesellschaft fiir Didaktik der Mathematik, Oldenburg (Germany). Text
retrieved from http://bit.ly/2E5vVbz on December 28, 2017.

CEDE (Grupo Matematica) (2015) ;Va de retro lapiz y papel? Estrategias para el uso de
Software de Geometria Dinamica en el aula de matematica. [Pencil and paper stepping
back? Strategies for the use of Dynamic Geometry Software in the mathematics classroom].
Buenos Aires: Author.

Charles-Pézard, M., Butlen, D., & Masselot, P. (2012). Professeurs des écoles débutants en
ZEP. Quelles pratiques ? Quelle formation ? [Beginning school teachers in Zones of
Educational Priority (ZEP). What practices? What training?] Grenoble: La Pensée Sauvage.

Chevallard, Y. (2009) La notion de PER: problemes et avancées. [ The notion of PER
(course of study and investigation): problems and progress]. Texte d’un exposé présenté a
I’IUFM de Toulouse le 28 avril 2009. Retrieved on November 27, 2017 from
http://yves.chevallard.free.fr/spip/spip/article.php3?id_article=161

Evans, N. & Levinson, S. (2009). The myth of language universals: Language diversity and
its importance for cognitive science. Behavioral and Brain Sciences, 32 (5), 429-448.

Ferragina, R., & Lupinacci, L. (2012). Los puntos en su lugar. [The points in their place]. In
R. Ferragina (Ed.), GeoGebra entra al aula de Matematica. [ GeoGebra enters the
mathematics classroom]. Buenos Aires: Mifio y Davila.

Fioriti, G. et al. (2014a). Matematica 1/2. [Mathematics 1/2]. Buenos Aires: Ediciones SM.
Fioriti, G. et al. (2014b). Matemadtica 2/3. [Mathematics 2/3]. Buenos Aires: Ediciones SM.
Fioriti, G. et al. (2014¢c). Matematica 7/1.[ Mathematics 7/1]. Buenos Aires: Ediciones SM.

Fioriti, G. (2017, Ed.).Recursos tecnologicos para la ensefianza de matemdtica.
[Technological resources for the teaching of mathematics]. Buenos Aires: Mifio y Dévila-
UNSAM Edita.

Gonzilez, G., & Herbst, P. (2006). Competing arguments for the geometry course: Why
were American high school students supposed to study geometry in the twentieth century?
International Journal for the History of Mathematics Education, 1(1), 7-33.

16



552
553
554
555

556
557
558
559
560
561
562
563
564
565
566
567
568
569
570

571
572
573
574

575
576
577
578
579
580
581
582

583
584

Villella et al.

Iranzo, N. & Fortuny J.M. (2009). La Influencia conjunta del uso de geogebra y lapiz y
papel en la adquisicion de competencias del alumnado.[ Co-influence of GeoGebra and
paper and pencil use on the students’competences acquisition] Revista Ensefianza de las
Ciencias 27 (3), 433-446. https://ddd.uab.cat/record/51045

Kuzniak, A. & Richard, P. (2014). Espacios de trabajo matematico: Puntos de vista y
perspectivas. [Mathematical work spaces: Points of view and perspectives.] Revista
Latinoamericana de Investigacion en Matemdtica Educativa, 17, 5-15.

Laborde, C. (1998). Cabri-Geometra o una nueva relacion con la geometria. [ Cabri-
Geometry or a new relationship with geometry] En L. Puig (Ed.), Investigar y enseriar:
Variedades de la Educacion Matemadtica. [To investigate and teach: Varieties of
mathematics education] (pp. 33-48). Bogota: una empresa docente.

Muifioz-Catalan, M., Contreras, L., Carrillo, J., Rojas, N., Montes, M., & Climent, N.
(2015). Conocimiento especializado del profesor de matemdticas (MTSK): Un modelo
analitico para el estudio del conocimiento del profesor de matematicas. [Specialized
Content Knowledge for the Teaching of Mathematics (SCK): An analytical model for the
study of the knowledge of the Mathematics Teacher]. La Gaceta de la Real Sociedad
Matematica Espaniola, 18(3), 589—605

Richard P.R., Gagnon, M., Fortuny J.M., Leduc, N. & Tesiier-Baillargeon, M. (2013).
Means of choice for interactive management of dynamic geometry problems based on

instrumented behavior. American Journal of Computational Mathematics, 3 (3B), 41-51.
doi: 10.4236/ajcm.2013.33B008.

Rogoff, B., & Lave, J. (Eds.). (1984). Everyday cognition: Its development in social
context. Cambridge, MA: Harvard University Press.

Smolensky, P., & Legendre, G. (2006). The harmonic mind: From neural computation to
optimality-theoretic grammar (Cognitive architecture), Vol. 1 Cambridge, MA: MIT Press.

Villella, J. (2008). Uno, dos, tres... Geometria otra vez. [One, two, three... Geometry
again]. Buenos Aires: Aique.

Vinner, S. (1982). Concept definition, concept image and the notions of function.
International Journal of Mathematical Education in Science and Technology, 14, 239-305.

17



