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Abstract 13	

This article deals with material designed within the framework of a teacher development 14	
project coordinated by the authors and aimed at providing support for in-service secondary 15	
school teachers who use or consider using Dynamic Geometry Software (DGS) to develop 16	
instructional sequences in mathematics classrooms. The project contains worksheets 17	
prepared as text support by authors and included in the Teacher's Guide (Fioriti et al., 18	
2014a, 2014b, 2014c), which was provided to students in the context of a teacher 19	
development course. A premise of the course is that problem solving is a vehicle for 20	
students to learn mathematics meaningfully. To enable this kind of learning, the classroom 21	
should be organized as a learning community, and technology should be incorporated as a 22	
tool for expanding mathematical knowledge. 23	

 Keywords: Dynamic Geometry Software, Geometry, Secondary Level, Teacher Education, 24	
Teaching 25	

 26	

Introduction 27	

The importance for teachers to study the tasks that secondary school students will be asked 28	
to do, cannot be overemphasized. In this contribution, we present a work plan with a 29	
sequence of tasks to be carried out in the professional development of in-service, secondary 30	
mathematics teachers. The course introduces the teachers to a theoretical framework, 31	
includes tasks teachers should carry out during course sessions, and the didactic analysis of 32	
such tasks. The course provides opportunities for teachers to reflect on secondary school 33	
students' behavior while learning mathematics and when interacting with other students, 34	
teachers, and tasks. The course also provides opportunities for teachers to analyze the 35	
characteristics of tasks and activities to ensure that they can enable mathematical thinking 36	
by students. 37	

With those aims in mind, we presented teachers with different problems relating to real-life 38	
and mathematical contexts. The underlying assumption was that the analysis and resolution 39	
of these problems in the teacher education classroom may usher the participants into a 40	
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geometric working space (Kuzniak & Richard, 2014). This working space consists of 41	
interactions among: 42	

1. A real space, as support material, with tangible and concrete objects; 43	

2. A set of artifacts such as drawing instruments or construction software (GeoGebra, in 44	
this case); 45	

3. A theoretical reference system based on definitions and properties (here, geometric space 46	
and area of 2D figures organized in such a way that teachers can ponder on how secondary 47	
students using technology to solve problems might be engaged in creating and validating 48	
their knowledge on geometry).   49	

 50	

Theoretical Framework 51	
 52	
Kuzniak and Richard (2014) point out that the teaching that favors the development of 53	
students' mathematical work at school requires a certain organization that the teacher is 54	
responsible to generate. Thus, in their professional education, it is important to provide 55	
teachers with the following:  56	
  57	
·      Opportunities for those who teach to be involved in formulating conceptual networks 58	

or mental schemes whereby teachers can ratify their beliefs and conceptions, and 59	
which can be used in class to allow students to produce their own schemes, 60	

·      Support materials with related content to encourage teachers to search for 61	
mathematical connections throughout the curriculum design, 62	

·      Teacher guides that allow teachers to write comments on the software they select and 63	
use in the classroom. 64	

We designed a professional development course based on our own experience teaching 65	
with this framework (CEDE, 2015) and included work material in the Teacher´s Guide to 66	
be used as support for school texts in secondary school teaching (Fioriti et al., 2014a, 67	
2014b, 2014c). The following principles were used to guide the design of the training 68	
course: 69	

-The classroom is regarded as a community for the study of mathematics, 70	

- Problems take place in mathematical contexts or occur in extra mathematical context as a 71	
learning engine, 72	

- Conjectures and proofs are constitutive tasks of mathematical activity, 73	

- Construction of models of a situation to be studied is the key in mathematics as it entails 74	
abstraction that reduces problems of complex nature to their essential characteristics. 75	
Students should identify a set of variables, relate them accordingly and transform those 76	
relations using any theoretical-mathematical system to produce new knowledge on the 77	
problems under analysis.    78	

These guidelines form the framework of the teachers' professional development and how 79	
the sequence of activities and their management have been designed. Students decide how 80	
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to solve the problems, search for the most relevant relationships between variables, and 81	
discuss the strategies used with other classmates. The teacher plays the role of a coordinator 82	
who chooses problems, encourages student-student as well as student-teacher interactions, 83	
and finally organizes students’ ideas into a collective production. A teacher, as a real 84	
professional, believes that knowledge is produced as a result of the interaction between the 85	
problem and the student's peers (Fioriti, 2017). 86	

The problems and activities proposed for didactic analysis are meant for teachers to debate 87	
how to manage the class in order to encourage students to try and produce different 88	
solutions, then discuss them, all the while dealing with the conceptual networks that 89	
involve the passage from arithmetic to algebra, the use of deductive reasoning as a way of 90	
justifying in geometry, and the use of different but equivalent representation systems as 91	
some of the activities that students beginning secondary school should do. At the same 92	
time, these problems and activities aim to encourage teachers to focus on ways of 93	
organizing class interaction and think about the validity, accuracy, clarity, and 94	
generalizations of students' mathematical statements.  95	

The incorporation of computers into society has brought about such a cultural change that 96	
the way in which we see the world and live in it has changed. In the same way, the 97	
incorporation of computers in the classroom requires a cultural change in the way we study 98	
and acquire knowledge. This change affects mathematical knowledge in how it is studied as 99	
well as the organization and management of classroom instruction. Consequently, the 100	
teacher should have the skills to deal with this change (Bifano & Villella, 2012). The 101	
inclusion of technology in teaching is inevitable; it provides the opportunity to rethink 102	
activities and problems that make knowledge comprehensible, and it makes us aware of the 103	
powerful tools that we have at hand.  104	

Given this scenario, the incorporation of technology in different ways (to do mathematics, 105	
to expand mathematical culture and, consequently, to expand knowledge) should be 106	
analyzed as part of the specialized training teachers acquire during their professional 107	
development. 108	

  109	

A Management Model for Geometry Instruction 110	

The proposal we have described includes topics of Geometry, which are characterized as 111	
the branch of mathematics that according to Villella (2008): 112	

-          can be seen. Geometric  figures can be drawn or constructed using the 113	
properties that characterize them. This involves being aware of the difference 114	
between a diagram and a figure (Laborde,1998), a situation that requires a didactic 115	
examination (Charles-Pézard, Butlen, & Masselot, 2012), 116	

 -           allows for play. The development of concepts at the core of the content 117	
networks to be studied through the manipulation of concrete objects gives learning 118	
an active, playful quality, 119	

  -         best connects to reality. The 3-dimensional and 2-dimensional models it 120	
analyzes can be seen in material objects, 121	



Villella et al. 

	
4	

 -          applies algebra concepts. The same language and symbols in algebra are 122	
used to name and characterize geometric  content, 123	

 -    helps to reason. Its axiomatic structure develops thinking and helps generate 124	
the use of deductive reasoning in students (González & Herbst, 2006). 125	

  126	

The proposed activities center around the connection between geometry and real life 127	
situations, which allows working with models and mathematical problems that require the 128	
use of geometric  properties to justify the solution found. These activities enable teachers to 129	
think about the properties of geometric objects that are studied in secondary school. In this 130	
reflective process, a model (a mathematical representation for a non-mathematical object) is 131	
built, with theoretical developments whose properties become meaningful in terms of how 132	
they relate to the situation that originated them, and properties are studied and geometric 133	
objects are characterized according to reasoning and procedures of geometry itself. 134	

The development of geometric  concepts is presented in activities with the generic name 135	
study (Chevallard, 2009). We chose this way of identifying them as we believe the 136	
classroom will have the same qualities as a learning community when they are solved. This 137	
community is made up of a group of students coordinated by a teacher whose main task is 138	
to search for a solution to the problem given. In order to do this, the known data is used 139	
together with properties studied before or appearing for the first time, which makes the 140	
corpus of the answer discussed in groups. This classroom organization, as well as the use of 141	
the study content made in it, creates a particular environment that brings about different 142	
kinds of methods, qualities of the models used, and justifications of the steps followed as 143	
showed in this example: 144	

 145	

A candy factory wants to design a pyramid-shaped wrapper for its products. An employee 146	
designed a paper like this one: 147	

 148	

Answer: 149	

a- How can you fold the paper in order to obtain a pyramid with a square as base? 150	

b- Is your proposal the only possible one? Why? 151	

 152	

Figure 1: An example of a problem 153	

 154	

When content is set in this way, problem solvers need to apply the necessary conceptual 155	
networks to highlight the underlying geometric property in the problem and explain the 156	
resulting family of figures (Ferragina & Lupinacci, 2012). Therefore, the classroom 157	
becomes a place where debate, argumentation, and the use of properties to explain decision 158	
making are more relevant than using a figure as proof, which is common in secondary 159	
school classrooms. In addition, ideas about what steps students need to take and what 160	
elements they need to use flow freely. It generates communicative competence in the 161	
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mathematics classroom since students have to justify elements chosen and steps taken 162	
(Villella & Ammann, 2012).    163	

   164	

Technology as a Tool for Teaching Geometry: Incorporating DGS 165	

  166	

The most basic concepts of geometry taught at school can be described as the combination 167	
of their properties with the use of relevant and irrelevant attributes (Vinner, 1982) that 168	
characterize them. In this identification or construction of a geometric  concept, we can 169	
distinguish at least four elements:  170	

1.       The image of the concept: It refers to the concept as it appears in the mind of the 171	
subject who is studying it. It includes everything related to the concept that comes to 172	
mind, everything evoked when the word that names it is heard or when a picture or 173	
representation is seen. 174	

2.      The definition of the concept: It refers to the verbal form with which a certain 175	
notion is expressed (when it exists; it does not always include everything the learner 176	
knows about the geometric object in question). This definition is not necessarily 177	
mathematical. 178	

3.       A group of mental or physical operations, such as certain logical operations, that 179	
make a comparison with the mental picture easier. 180	

4.      Technology: in a broad sense, it refers to a socio cultural product that is useful as 181	
a physical and symbolic tool to relate to and understand the world around us. 182	

The construction of the image of a geometric  concept results from a mix of visual and 183	
analytical processes that are realized in two directions. On the one hand, there is the 184	
interpretation and comprehension of visual models. On the other hand, there is the ability to 185	
translate symbolic information into a visual image by using certain technology. The 186	
interpretation of the image is the product of visual processes where the irrelevant attributes 187	
of the visual component are obtained first and act as a distraction between our internal 188	
constructions and what is perceived by the senses (Villella, 2008). We believe that from its 189	
own conception, there is a certain technology in geometry that contributes to the definition 190	
of the geometric concept. 191	

What aspects are to be considered when the translation to a visual image is made through 192	
DGS? In the same way that writing has restructured consciousness and the human mind has 193	
generated cognitive operations that had not been developed before it, new technologies 194	
transform subjectivity, capacity, and practices. (Evans & Levinson,2009; Rogoff & Lave, 195	
1984; Smolensky & Legendre 2006) 196	
	197	
Some teachers believe that with the incorporation of Information and Communication 198	
Technology (ICT) at school, there is a risk of limiting teaching. In this specific case, the 199	
risk exists if the teaching is limited to what can be seen on the screen: the geometric 200	
pictures, the graphic representations of functions, the result of calculations, and so on. In 201	
traditional mathematics instruction, where many teachers were and still are trained, it is 202	
common to focus on techniques, which usually appear before the problems that make them 203	
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meaningful or needed. Mathematical software and calculators are tools that solve 204	
algorithms effortlessly and in the case of graphs and figures, DGS allows for some 205	
properties to be seen. Thus, it is necessary to modify classroom work and start solving 206	
problems that will enable students develop three cognitive processes of geometric activity: 207	

1. Visualization, related to the representation of space and support material;  208	

2. Construction, determined by the instruments used (GeoGebra) and geometric 209	
configurations;  210	

3. Discursive, aimed at producing arguments and proofs (Kuzniak & Richard, 2014).  211	

To overcome these processes, our teacher development course first provides meaningful 212	
concepts and then assigns work on the mathematical techniques.  213	

Just as in oral language it was impossible to manage concepts associated with geometric  214	
figures, in written language it is impossible to think of dynamic geometry objects. In a 215	
teacher development classroom, this makes a good starting point for a discussion:    216	

§ A technology for dynamic geometry constitutes a new system of representation of 217	
geometric objects when using new ostensive objects: computerized pictures. These 218	
pictures differ from the ones made on paper precisely because of their dynamic 219	
nature. They can be moved and deformed on the screen while keeping the geometric  220	
properties that have been assigned by the construction procedure;  221	

§ A production means that uses a device (the computer) as a fundamental requirement 222	
for its use;  223	

§ A particular language that integrates not only the language of geometry but its 224	
articulation with computer language,  225	

§ A semiotic tool with particular characteristics that combines different models, 226	
particularly the geometry model in the software embedded in the computer 227	
language.  228	

Using DGS allows for a new means of producing knowledge, with a specific language that 229	
must be known. Learning processes built in this way are encouraged through the design of 230	
teaching processes. Listed below are some of the goals students are expected to achieve: 231	

1)    Interpret the problem posed. 232	

2)    Understand the given information and establish relationships with the commands 233	
in the program.  234	

3)    Formulate and test conjectures about the concepts being taught. 235	

4)    Design strategies to confirm or refute conjectures. 236	

5)    Summarize information given. 237	

6)     Communicate the result of findings while trying to define what they managed to 238	
build.  239	

  240	
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  241	

Teachers’ Professional Development 242	

  243	

In this section, two activities are provided to exemplify what was described. The first one 244	
serves as an example of a model construction, and the second one exemplifies the study of 245	
the geometric  object from the discipline itself. These activities will be used to describe the 246	
management of classroom work as well as the meaning that content is given through the 247	
use of technology.  248	

We propose a collaborative task where it is important to consider what a teacher needs to 249	
know to develop a successful teaching process in which students gain more understanding 250	
about the nature of mathematical knowledge. With the analysis and resolution of this kind 251	
of teaching situation developed in the project, teachers are given the opportunity to discuss 252	
the different variables they should deal with in order to give students the possibility of 253	
reasoning, arguing, making conjectures, refuting, and modeling in order to provide meaning 254	
to the mathematical knowledge students are learning. In furtherance of this aim, we 255	
selected mathematical content in the specific context in which it would be used. Then, we 256	
analyzed the processes involved in teaching it, and made conjectures about how learning 257	
would be achieved. The whole procedure makes this mathematical content specialized and 258	
limited to teaching professionals. It is included in a sample about mathematics teachers’ 259	
specialized knowledge MTSK (Muñoz-Catalán, 2015). 260	

  261	

Applying mathematics to situations originating outside of mathematics 262	

  263	

The following paragraph sets out a situation described as fiction from reality: 264	

 	265	
A farmer wants to install a water tank to provide water to the main house, the 266	
housekeepers´ house and a work shed. The tank should be as close to the main house as 267	
possible. However, due to the leafy trees surrounding the house which cannot be moved, 268	
the tank can only be installed 500 meters from the house. The idea is to place the tank at 269	
the same distance from the housekeepers´ house and the work shed. Where should the tank 270	
be erected?	271	

In this example, the first decision to take leading to the solution of the problem above is to 272	
construct on the screen representations that model the two conditions set out in the 273	
problem:	274	

a) The distance from the tank to the main house must be 500m, 	275	

b) The tank must be placed at the same distance from the housekeepers´ house and the work 276	
shed.  277	

For that purpose, scales must be used and the points representing each element must be 278	
named (Figure2): 279	

 280	
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 281	

	282	
Figure 2: Possible answer attempt	283	

Now, it is possible to establish the construction steps to be followed, what software tools 284	
are available, and what hidden conditions are being taken for granted by understanding the 285	
logic of the software.  286	

Some teachers’ (Tn) responses  when they worked on this task: 287	

T1: We need to draw a circumference. The problem says the tank must be placed at the 288	
same distance from the housekeepers´ house and the work shed. But, where do we draw the 289	
center of the circumference? 290	

T2: Anywhere. The only important information is the radius’ length. 291	

T3: But we need to see them on the screen. So…point it near the center of the screen, 292	
please. 293	

T1: Ok. Can you remember me the radius’ length?  294	

T2: I think it´s 500 m. 295	

T1: So, We will need to use a scale. 296	

T3: 1cm = 20m.Do you agree? 297	

T1: Yes. 298	

T2: Yes, it can be a good one. 299	

T3: Use the command that shows circumferences to draw it… 300	

T1: We need to use the second condition too! 301	

T2: Uhh… You´re right. I´d forgotten it. 302	
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T3: Draw this figure near the other one. We´ll be able to compare the two figures all at 303	
once. 304	

T1: It´s necessary but we need to use them at the same time in order to find the answer 305	

T3: Uhm…let me see.… 306	

 307	

All these activities need to be justified: the circumference has a given center and radius, the 308	
segment can have any length, however, the required line can only be its bisector, although 309	
the axes system cannot be visualized, the software assumes its orthogonal reference system, 310	
etc. The cognitive problem to be solved requires that both conditions be fulfilled 311	
simultaneously. The original screen (Figure 2) must be changed, so both conditions can 312	
lead to a model upon which conclusions can be drawn. The screen may show several 313	
pictures to be analyzed in terms of the dynamic nature of some points or figures. For 314	
example, if segment CaG is moved, a possible figure of analysis is:	315	

 	316	

	317	
Figure 3: Dynamic study of the figure (case 1)	318	

Some teachers’ responses: 319	

T1: This is a good answer (showing Figure 3). 320	

T2: Um…it´s an answer, but not the answer! 321	

T3: What do you mean? 322	

T2: If I move G to the right, CaG changes its length, then the bisectors line change too 323	

T1: - Yes… and if we move Ca we obtain another line, so… 324	

T3: Move them all around the screen, and let me see what happens… 325	

T3: There are many answers… 326	

T1: But…what happens if we choose a bisectors line by C? 327	

T2. It´s a particular case. 328	

T3: No, I think it´s the best answer, isn´t it? 	329	

Discussions, debates, and arguments based on certain properties arise by analyzing some 330	
possible answers to these questions: Does the result reflect the target model? What if the 331	
moving figure is another one and the screen obtained is the one below? 332	
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	333	

	334	

Figure 4: Dynamic study of the figure (case 2)	335	

 	336	

Answers may vary depending on the problem solver’s perception. The dynamic nature of 337	
the point moving throughout the screen and the presence of other many infinite figures may 338	
change the answer. However, the logical reasoning leading to such an answer is still valid 339	
and so are the conclusions: The circumference of center C and radius 5cmrepresents the 340	
geometric locus of the points modeling the first condition of the problem, and the CaG 341	
segment bisector is the geometric locus of the points modeling the second condition.	342	

The figure of analysis becomes a knowledge object. This picture is no longer enough to 343	
solve the problem since the screen becomes the justification. Thus, the answer can only be 344	
found in the properties defining the geometric properties. 345	

 346	

Some teachers ‘responses: 347	

T1: There are two conditions and two geometric properties: The circumference and the CaG 348	
segment bisector. 349	

T2: But, we need to use both of them to find the answer. 350	

T3: If this is true, draw the only figure that uses both geometric properties.… 351	

 T1: Umm..Another problem. There are two points of intersection that satisfy both 352	
geometric properties. 353	

T2: We need to study which of them is the appropriate one. 354	

T3: I think both of them. 355	

T1: Why? 356	

T3: I can see it in the screen. 357	

T2: No, it´s not enough. 358	

T1: We need to justify… properties!, properties!…	359	

The study of the teachers´ answers led to the construction of a model fulfilling both 360	
conditions. Such model being the one showing the intersection of both geometric loci 361	
requires another decision to be made: Which of the intersection points P1 or P2 will be 362	
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considered point T (tank location)? Is it necessary to make this decision? Is it required by 363	
the formulation of the situation that gave rise to this study?	364	

	365	

Figure 5: Dynamic study of the figure (case 3)	366	

With these new questions, other questions arise which support the didactical analysis and 367	
make up the specific knowledge teachers must acquire as part of their training. 	368	

 	369	

A situation within mathematics: Study of the geometric figure	370	

In order to study a property of the isosceles trapezoid, we introduced the following activity:	371	

In the GeoGebra screen below there is a trapezoid, which, by construction, is isosceles.	372	

a)     Determine the ratio between the areas 

of triangles DAB and ACB. Justify your 

answer. 

b)     If the trapezoid ABCD were not 

isosceles, would the answer to the question 

above still be valid? Explain why. 

		

		

	373	

The first decision to make when solving the problem is to reproduce the figure on the 374	
screen, so both triangles can be seen (Figure6): 375	
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	376	

Figure 6: Reproduction of the trapezoid with the triangles drawn	377	

 378	

Some teachers’ responses: 379	

T1: We need to reproduce the screen figure. This is an isosceles trapezoid, so we need the 380	
length of segment DA to be the same length of segment CB. 381	

T2: Use circumferences!! 382	

T1: Perhaps another tool is available. Let´s explore the tool bar. 383	

T2: Yes… 384	

T1: This is an isosceles trapezoid (showing Figure6 without the triangles). 385	

T2: The problem says: “triangle DAB and ACD.” Draw them, please. 386	

T1: Here they are (showing Figure6). 387	

T2: We need to determine the ratio between their areas. We need to calculate each one. So, 388	
base multiplies height and then we divide … 389	

T1: Yes…but we don´t know the measurement and, if we move the baselines of the 390	
trapezium they will change. So, it´s not easy… 391	

T2: Let me think… 392	

The above dialogue leads to establishing the steps that must be followed in the construction 393	
and their pertinent justification: base lines are parallel; sides DA and CB have the same 394	
measurement. The cognitive problem lies in the lengths of DA and CB and in the area of 395	
ABD and ABC: They that are not measured directly and are visually considered equal. The 396	
solution entails designing a task that involves conceptual networks already studied: triangle 397	
height, bases, and similarities. In this case, both triangles have a common side (AB), and 398	
they both have the same height. The ratio between the areas is 1 as the areas are equal. 399	
Once question (b) is answered, the screen shows different pictures to be analyzed in terms 400	
of the dynamic nature of some of its vertices. For example, if vertex A is moved, possible 401	
figures of analysis (height is marked in dotted lines) are shown below (Figure 7):	402	
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	403	

Figure 7: Dynamic modification of the figure	404	

Some teachers’ responses: 405	

T1: The areas are equal. The ratio between them is one. 406	

C (Coach): Why? 407	

T2: We used properties! 408	

C: Which ones?… 409	

C: It´s OK. But, what happens if you move vertex A? 410	

T2: Nothing!! The trapezoid is always isosceles. 411	

C: Move it. 412	

T2:I see it on the screen!  413	

T1: Stop! You are changing the baseline length. 414	

T2: But not the height. 415	

C: So… 416	

T2: Nothing happens. 417	

C: The ratio between the areas doesn´t change, does it? 418	

T1: Let me think, please. 419	

C: OK. 420	

T1: And if I move vertex C… 421	

T2: It´ll be the same. 422	

C: Try. 423	

T1: It´s not the same. 424	

T2: I agree…I need more properties!! 425	
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The questions arising from the analysis of these figures are: Does the ratio between the 426	
areas change because the shape also changes? If the moving point is a different one, could 427	
another figure be obtained? Once more, the presence of many other infinite figures may 428	
change the answer. However, the logical reasoning leading to such an answer is still valid 429	
and so is the conclusion: The triangles have the same area. The figure to be analyzed is not 430	
enough to solve the problem since the screen becomes the justification; thus the answer can 431	
only be found in the properties defining the area and the triangle similarities.  432	

If we compare the areas of triangles AOD and COB, with O the point of intersection of the 433	
diagonals, can we reach the same conclusion? Upon exploring the figures obtained when O 434	
is located in different places on the screen, the shape of the figure changes but the ratio of 435	
the areas is the same. AOB is part of the two triangles compared in the original problem, by 436	
subtracting it from the new triangles to be compared, “the same area” is subtracted; thus 437	
such areas are equal. Now, we may wonder: What properties are brought into play if we 438	
compare triangles with similar areas but with different bases and height? 439	

When considering the problem, teachers may raise doubts about the mathematical 440	
knowledge they think they possess after analyzing the ratio between areas not measured 441	
directly and studying the ratio reaction after obtaining different figures of analysis. 442	
Furthermore, the need to use properties that go beyond what is seen on the screen 443	
challenges the knowledge teachers have on geometric  structure, and sets in motion a more 444	
active way of solving mathematical problems. 445	

An analysis of specialized content knowledge for teaching (Muñoz-Catalán, 2015) prompts 446	
the assumptions teachers make about the way geometry is taught and learned. In our case, 447	
we add the use of DGS, which besides adding dynamism to answers leads to a series of 448	
assumptions regarding the geometric  object of study that need to be confirmed. The 449	
problem described above is meant to analyze the specific knowledge about geometry each 450	
teacher has, considering what each teacher knows about Geometry, and the specialized 451	
content knowledge for teaching (SCK; Ball & Bass, 2009) each teacher has acquired. This 452	
allows teachers to interrelate content, to weigh student reasoning and mathematical 453	
solutions, and to recognize the validity of the arguments that may arise. 454	

  455	

Conclusions 456	

In our proposal, the mathematical content to be learned includes problems from two 457	
different work contexts: the modeling of a real situation that requires the construction, 458	
study and analysis of a model so that the conclusions drawn may be applied to solving the 459	
situation from which it originated, and the study of figures within mathematics where the 460	
use of properties and the construction using valid reasoning lead to the targeted solution. 461	

The presentation of these two different types of problems in the teacher training classroom 462	
is relevant for teachers as it allows them to study the underlying structure of geometric  463	
working spaces: An epistemological level, linked to mathematical content, and a cognitive 464	
level, linked to visualization, construction, and proof.  In order to articulate these two levels 465	
and obtain sound mathematical work, we propose discussing with teachers the development 466	
of figural genesis, relating space and figures (epistemological level) with visualization 467	
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(cognitive level), instrumental genesis, relating artifacts (DGS, paper and pencil, etc.) from 468	
the epistemological level with construction (cognitive level), and discursive genesis, 469	
relating the reference framework (epistemological level) with proof (cognitive level; see 470	
Kuzniak & Richard,2014). 471	

For teachers, this articulation into two levels includes a wide range of teaching situations 472	
that lead to the development of a mathematical work space inside the classroom and the use 473	
of a learning community. Our interest in the use of DGS lies in its capacity to support the 474	
discussion with teachers about the acquisition and construction of geometric  knowledge in 475	
the secondary school classroom. 476	

In addition to the specific knowledge of teachers, the work proposed supports reflection 477	
about the mathematical performance of secondary school students at the moment of 478	
studying and how they solve specific geometric  situations. Some of the points discussed 479	
with teachers include how students design models, use metaphors to communicate findings, 480	
and organize explanations and reports to communicate discoveries and verifications. Other 481	
times, the points discussed were how students design strategies to find solutions justifying 482	
the procedure used, select material, spend time, appreciate both their own and their 483	
classmates’ performance, accept mistakes, and correct the models used. It is important to 484	
analyze how students transfer the knowledge acquired to other learning contexts analyzing 485	
the wrong ideas acquired from the physical representation of objects, realize the double 486	
status of geometric objects, since the drawing of an object is sometimes considered the 487	
object itself, and the need of a description characterizing the object with the purpose of 488	
removing any ambiguity related to its representation.  489	

The management of instruction—the design, performance, assessment, and generalization 490	
of teaching strategies performed by the teacher—leads to a process of negotiating the 491	
interests of students and teachers, where teachers act as stewards of a learning environment. 492	
The interests of students are based on meaningful content to be developed and on the 493	
naturalization of the use of DGS in the world of mathematics instruction. The interests of 494	
the teachers are based on the epistemology of the given content. In this negotiation, 495	
teachers act as natural mediators between the content and students; while teachers design 496	
and pose problems to be solved, students develop strategies to solve such problems where 497	
both teachers and students are part of a classroom project. 498	

Regarding mathematics in secondary school, the use of DGS generates several ways to 499	
introduce tests as an unavoidable element of conceptual networks that are essential to the 500	
learning process. Teachers can suggest situations for graphic and dynamic research for 501	
students to analyze the behavior of geometric objects and the relations among them and 502	
thus, understand mathematical concepts and procedures, to justify and to do some more 503	
formal tests. DGS helps teachers lead a learning process by dealing with contradictions and 504	
causing students to learn about the formal demonstration process, explain why a result is 505	
mathematically true, communicate mathematical relations and properties used and discover 506	
by manipulating dynamic objects develop logical and abstract thinking, systematize by 507	
organizing results into a deductive system of axioms and theorems and to discover and 508	
construct mathematical knowledge. 509	

In our proposal, the technological tool is used as a means to explore different types of 510	
graphic representations interactively. Thus, geometric objects can be constructed out of a 511	
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variety of primitive objects (points, segments, lines, etc.) in this creative environment 512	
thought by the mathematics teacher as a professional. 513	

 514	
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